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Abstract

In this paper, we study the asymptotic distributions of the heterogeneous random
coagulation-fragmentation processes (HCFP) which model the coagulation,
fragmentation and diffusion of clusters of particles on a lattice. Based on
a closed form of the stationary distribution for the HCFP, we prove that the
mutually dependent clusters with a finite size (finite particles) in the sub-critical
stage will become independent in the critical and super-critical stages, and the
asymptotic distributions of the number of clusters may converge to Gaussian
or Poisson distribution according to its size, to be small or large in the critical
and super-critical stages.

PACS numbers: 82.35.Jk, 02.50.Ga
Mathematics Subject Classification: 60K35

1. Introduction

Since Smoluckowski (1916) proposed the coagulation equations which describe the coupled
evolution of the densities ¢;(¢) of polymers (clusters) made up of j units (particles) (j =
1,2,3,...) in an infinite-volume homogeneous system, various aspects of the equations and
their stochastic counterparts containing the combined effects of coagulation and fragmentation
have been extensively studied by many authors (see [2, 3, 6-9, 13-16, 21, 22] and [17]).
A detailed overview of the models in the mathematical aspects can be found in [1] or
[5]. Recently, a necessary and sufficient condition for the occurrence of a gelation of the
reversible random coagulation-fragmentation processes has been studied in [11]. However,
the above models have no diffusion of the clusters. If we add the diffusion in the coagulation-
fragmentation model such that it has an effective action on the coagulation and fragmentation
(i.e. heterogeneous random coagulation-fragmentation processes (HCFP)), can one obtain
similar results as the homogeneous coagulation-fragmentation models? Especially, what is
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the asymptotic behavior of the HCFP? In this paper, we first give a closed form of the stationary
distribution for the HCFP, then show that the asymptotical distributions of the number of the
clusters may converge to Gaussian or Poisson distribution according to its sizes to be small or
large as the total number of particles goes to infinity. Though the process considered in this
paper is different from that studied by Pittel er al [18, 19], their work provides some good
ideas and techniques for us.

Section 2 contains a description of the HCFP. The closed form of the stationary distribution
is given in section 3. Our main results about the asymptotical distributions of the number of
the clusters are shown in section 4.

2. The heterogeneous coagulation-fragmentation processes

In this section, some notations and preliminaries are given. Consider the following interacting
particles system: in each site x € Z¢ of d-dimensional integer lattice, particles can coagulate
to form a cluster, and two clusters can coagulate to form a larger one, and a larger cluster can
fragmentate into two smaller ones, and all of them can also move to their neighbor sites y.

Let B be a finite subset of Zd, N=1{0,1,2,...}, N, = {1,2,...} and X(B) = {A :
A e NBXN*}, where A = (a(x,k) : a(x,k) € N,x € B,k € N,). Here we assume that the
number, |B|, of set B is at least greater than 2. Thus, A can be regarded as a matrix with
indices in B x N,. For each x € B, denote by a(x, k) the number of k-clusters in site x. Let
I.;i=(a(y, j):y e B, jeN,) e X(B) be amatrix such thata(y, j) = 0 for (y, j) # (x,i)
and a(y, j) = 1 for (y, j) = (x,i). For A € X(B), let

Af” =A+1 - L, if a(x,k)>0 and |x—y||=1;
AI,U =A+ L — 1 — 1y, if a(x,i)>0 and a(x,j) > 0;
AL =A—Lj+ L+, if a(x,i+j)>0;

Ay = (alx,1),a(x,2),...);

|Ay| = Y yka(x, k) and |A| = Y _p|A«|. Here, A’;’y means that the state of the process
obtained from a state A after a jump of a cluster of size k from site x to site y and A7 ; ; denotes
that the state obtained from a state A after a cluster of size i coagulate with a cluster of size j
to form a cluster of size i + j in the site x, i.e.

@O+ () = @+)).
A, ;; means that the state obtained from a state A after a cluster of size i + j breaks into a
cluster of size i and a cluster of size j in site x, i.e.

i+j) = @O+()
and A, denotes the distribution of the numbers of the different clusters in site x.
Let N denote the total number of particles in the system; then N = > _p|A.l.
Let Xy(B) = {A : A € X(B),|A| = N}. Now we define the heterogeneous random
coagulation-fragmentation process considered in the paper as follows: the process, denoted

by {Ay(7),t > 0}, is a continuous-time irreducible Markov chain on the finite state space
Xy (B) with state transition rates

wga(x. k)/N. it A= AL
0 Kijg(a(x,i)gla(x, j) = 8;)/N?, if A =AY
M Fyglati+ /N, it A=A,

0, it A £ AL AL AL



Critical behavior of the heterogeneous random coagulation-fragmentation processes 14651

and
Qan=— Z Oan,
A’€Xy(B),A'#A

where A, A" € Xy(B), g(.) denotes the diffusion rate which is a positive function except
g(0) =0, K;; and F;; are coagulation and fragmentation kernels respectively, and §;; = 1 for
i = j and O for i # j. Here the choice of rates of coagulation, fragmentation and diffusion
reflect the case like in a polymer system that reaction occurs with a probability proportional
to both the numbers of reactants and inversely proportional to the volume; here the density is
taken to be equal to 1, so that the volume coincides with the total number of units N. Though
there are many ways of action of the diffusion on coagulation and fragmentation, the main
reason for us to take the special forms, g(a(x,i))g(a(x, j) — 8;;) and g(a(x,i + j)), is that
we can easily obtain the stationary distribution of the process by the forms. Note that the
coagulation and fragmentation do not depend directly on the diffusion rate when g(k) = k.

Remark 1. The coagulation rate will become %W for i # j when g(k) = k and
Kij =ijfori # jand K;; = i2/2 for i = j. In the case of i # j, %”(NJ denotes
the probability of forming i + j-cluster from any two i-cluster and j-cluster. For i = j,
1 “’(Ifl :4) % denotes the probability of forming a 2i-cluster from any two i-clusters among
all i-clusters (a(x, 1)) in site x. Note that a(x,i)(a(x,i) — 1)/2 is the number of ways of
forming a 2i-cluster from any two i-clusters among all i-clusters (a(x, 7)) in site x.

3. The stationary distribution

The stationary distributions for the homogeneous random coagulation-fragmentation processes
have been given by Han [10] and Durrett et al [7]. Here we shall present the stationary
distribution for the HCFP. Assume the following

H,: the diffusion rate g(.) satisfies

sup|g(m +1) — g(m)| < oo.
m

Hz:
Kj=K

(1)

F;

l]_F

i Kiih(Dh(j) = AFjjh(i + j), i,j >0,

where —(A > 0) represents the fragmentation strength and %(.) is a positive function. As
Van Dongen and Ernst [21] stated, when the process describes the system of polymers in
which intramolecular reactions do not occur, and therefore only branched-chain (non-cyclic)
polymers are formed and all unreacted functional groups are equally reactive, k!h(k) may
denote the number of distinct ways of forming k-mers from k distinguishable units and
equation (1) states that the number of distinct ways for (i + j)-mers to break up into i-mer
and j-mers (LF (i, j)h(i + j)) equals the number of bonds between (i) and (j) polymers in
(i + j)-mer configurations (K (i, j)h(i)h(j)). In fact, the total fragmentation rate of a k-mer
is taken to be proportional to the number of bonds in [21], i.e.

1 1
5 2 Fy=5Gk=0.

i+j=k

Jis

In particular all bonds are equally breakable, and the total rate of k-mer break up, % Y Fy,is
proportional to the number of bonds. Hence, by equation (1) we have

1
(k= Dh(k) = 3 > Kih()h()).

i+j=k
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The quantities wy defined by w; = k!h(k) represent the number of distinct ways in which a
k-mer can be constructed out of kK monomeric units, assuming that units and functional groups
are distinguishable. This can be seen as follows. By the definition of wy, we have

1 k!
(k — l)wk = z Z ﬁKijwiwj.
i+j=k
According to the right-hand side of the above equation, one may choose i units out of k
(distinguishable) units in C ,’{ different ways in order to build i- and j-mers (which may be
constructed in w;w; different ways). Since functional groups are also distinguishable, such
i- and j-mers may be joined in K;; ways. Equation (1) is usually called a detailed balance
condition.
Note that the condition H; is not necessary for obtaining the stationary distribution in the
following, but it can guarantee that the limit process (N — oo and B Zd) of {An(2),t = 0}
is a unique Feller process (see [12]).

Theorem 1. Suppose the two conditions H\ and H, hold. Then {Ay(t),t > 0} has a unique
stationary distribution |1y given by

hik a(x,k)
pn(A) = —HH g(a((x)]k)), . AeXy(B), )

N xeB k=1
and the process is reversible with this stationary distribution, where Zy is the normalization
factor; i.e.

h(k)]a(x k)

= 2 1_“_[ gla(x,knt’ @

AeXy(B) xeB k=1
where g(m)! = g(1)g(2) --- g(m) with g(0)! := 1. Usually, Zy is called the partition
function of the process.

Proof. We first check that
un(ANQaa = un(A)Qan 4)
forall A, A’ € Xy (B). It is equivalent to check
Q(A,A)  p(A)
QA A) (A
forall A, A’ € Xy (B). In fact, we have
oA, A) _ glalx, k) glalx, k) Shk) AGY)
QA A)  gla(y, k) +1) Thk) glay,k)+1)  u(A)
for the case A’ = A’;,y and, by (1),
oA, A) _ Ky glatx,D)glalx, j))
QA A)  NF; glalx,i+j)+1)
M+ ) gla(x,i))gla(x, j))
~ NR()h(j) gla(x,i+j)+1)
B Thii+j)  glalx,i) glalx, j))
S glatui+ D Yai) o Lag)
(A
oA
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for A” = A*..,i # j. Similarly, we can check that (4) holds for A’ = A*..,i = j, and

x,ij? x,ij>

A = Ax,i} Thus, (4) holds for all A, A’ € Xy (B), and therefore

Y un(A)Qua =pun(A) Y Qax =0.
A'€Xy(B) A'€Xy(B)
This means that py is a reversible stationary distribution of the process. Since all states in
X (B) connect mutually, that is, for A, A" € Xy(B), there are Ay, A, ..., Ar € Xy(B)
(k > 1) such that Q(A, A})Q(Ay, Ay) ... Q(Ak, A") > 0. This means that the process is an
irreducible Markov chain on the finite state space, so the stationary distribution is unique. [J

4. Asymptotic distributions of the clusters

In this section, we shall study the asymptotic behavior of the process. The convergence
considered here is to converge in distribution. We use Ey(.) and E(.) to denote, respectively,
the expectation corresponding to the stationary probability distribution py and the limit of
En(.),ie. E(.) =limy_ o Ex(.). The methods and techniques used in the proofs of theorems
come mainly from [10, 11, 18, 19].

Now we assume that the diffusion rate g(.) satisfies

g(k) = vk, 5
where y > 0 denotes the diffusion strength. It follows from (2) and (5) that
a(x,k)
[ h0]
A — s A € Xy(B). 6
un(A) = HH Ty € Xn(B) 6)
xeBk 1
Let the following series F (u) has a positive radius, r, of convergence and
o0
Fu) =Y h(u* < oo @)
k=1

for |u| < r. Let

[yh (k)]
ZN.y) = ) HH PO
AeXy(B) xeB k=1
for y > 0. Next, an integral expression of the partition function Z, will be given in lemma 1.

We shall use a(x, j) to denote a value of random variable a(x, j) in the following.

Lemma 1. Suppose the three conditions (1), (5) and (7) hold. Then

zv=z(NY ! ex BIN | 92 ®)
= , — = — u 5
N Ay 2mi P Ay ulN+1

Z(N—k )

Z(N.55)

Enla(x, k)] = %h(k) x €B, 9)

and

+ —h(k) ——— 217
Z(N, %) Ay *) Z(N, &)

]zz( -2 %) N Z(N -k ) ceB (10

N
Eyla(x, k)*] = [Eh(")

* Ay

where T is a contour with its radius equal to r surrounding the origin u = 0.
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Proof. Let B = {xi,....x,} and A = (a(x;.k).1 < j < m, 1 <k < N) € Xy(B),
where Z;":l Z,I(V:l ka(xj, k) = N. Assume that a(x;-, k') > 1 for some x} and k. Let A’ =
(@' (xj, k), 1 <j<m, 1 <k<N),where a'(x;, k) are defined by a'(x;, k) = a(x}, kK —1
for xj = x’- and k = k'; otherwise a’(x, k) = a(x;, k). Thus, A’ = (a'(x;,k),1 < j < m,
1 <k < N)eXyp(B)sinee Y7 S ka'(xj. k) = N —k =" S0 ka'(x;, k).
We shall use this fact in the followmg computation. Since

[yh(k)]a(x] k) s ZN . m N (k)a(x, k)

VA 1\/7 = j=1 k=1 a(xj.k)

Mn= 2 IHI at o = 2 H“ G 0L
AeXy(B) j=1 k=1 AeXy(B) =1 k=1

it follows that

oot T Rt
Z,(N.y)= Y_ Zza(x],k)yZ,lzk.a<x, 1[0

alx;i, k)!
AeXy(B) j=1 k=1 j=1k=1 (xj, k)

m N
ot R
. a(x;,k)—1
2 et by T

Aexy(B) | j=1 k=1

[Yh(l)]”("/,l) N [yh(l)]a(x,,l)
« [T

Ly abg.Dt Ll aGa D)
m N -
= Z ZZ (k)ya(xj,k)—lM
AeXy(B) | j=1 k=1 (a(xj, k) — 1)!
h(1)]eeiD 11D
X l_[ [ya((X) D! 1_[1_[ [ya((x)]l)v
. g i#j =1 i

m

N N
[yh (1 [yh @
PIUCEDY ZH T 18 e

AeXy_i(B) | j=1 I=1 i#j 1=1
N m N-—k
A1 T R @1
=2 >, 3211 aCx;, )] [1 H a(x;, D!
k=1 AeXy(B) | j=1 1=1 A b

m N—k

Lyh(1 e
_mzh(k) Z Hl_[ a(x;, !

AeXy_x(B) i=1 [=1
=B| Zh(k)zuv — k. y),
k=1

where we define ) Ac|A|=0 H2=1 = 1. We now prove that the differentiation w.r.t. the variable
y can be done in the infinite sum /7 (u, y) foru < r. O

We only consider the case: B = {x} and |A,| = N. We can similarly discuss this for
|B| > 0. Since

Fu) =Y h(ku* =3 [(h(k)iul* < oo (1)
k=1 =

for |u| < r, it follows that [(h(k))"/*r]¥ — 0 as k — oo. Hence, there exists a positive
number ko such that (h(k))"/*r < 1 for k > ko. Note that, for any fixed y (0 < § < 00),
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(Y% — 1 as k — oo. We can take a posmve number ko such that (3h(k)*r < ¢ < 1
for k > ko. Let ny = a(x, k). Note that Zk kni = N and n; = 0 for k > ko when Zk \
kny > N — ko, where N > k. Thus, there are two positive numbers ag > 1 and by > 1 which
depend only on kg such that

a(x,k)
Z(N. y)uN _ Z 1—[ [yh(k)] uN

AeXy ({x}) k=1 a(x, k)!
_ 3 ﬁ[yh(k)uk]"k 15[ [ () s

nk! }’lk!
(1o )4y k=N k=1 k=ko+1

ko o kng N—Zkg kny,
< Z l_[ [yh()u“]"™ c k=1

nk! nk+1!-~-nN
(ny,..., nN):Z,’:/:I knp=N k=1 0

ko - ”
< Z 1—[ [(Fh (k)" *r]*

l’lk!
k —
(10 ) 0N kg >N =k k=1

!

+ 2 ﬁ[(yh(k))”"r]k”k N E b
(nl,.“,nm:Zﬁ”:, kng<N—ko k=1 k ko+1 N
< > ]k"[ k() K [(Fh () 1
\( N0 kg >Nk K1 ()
NN gy kng=2N—ko
" > ﬁk!(nk)k[(yh(k))l/kr]k”k N ke
- (kny)! Nggs1! -y !
(nl,...,nN):ZkU:]knk<N_kUk=1
ko s 1/k Tk
K [0+ D)7 (3h(K)) /7]
< (ko) > [1 (kno)!

k —
1,y nN):Zf:lkn@N—ko k=1

[+ DT R V] N T b

k
+ (ko) > I )

n leoonn!
(T nN):Zi":l kng<N—ko k=1 ko+1 N
ko 5 1/k . 1kn
[2(3h (k) Fr]e
SCCAD VR ) e e
(n1,..n )'Zko fne >N —ko k=1 ng):
Laeess N2 k=1 Knik 2 0
+ (koo )3 1"—[ [2(5h (k) /e N-XI b
) (kny)! nk0+l!...nN!

1y ”N)iziozlknk<ka0k:]
[2r Zi(]:l()';h(k))l/k]N—ko
(N —ko)!

N—ko—1 ko 5 1/k7™
+ bolk)N 2 X GRO)

m=1

[2r Y00, (3h(k))H]
(N — ko)!

< ag(koH®

m!
N*ko
< ag(koH®
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NZ [2r/c Y3, (3h()H]"

m!

+ bo(kgH N {

m=1

[A(r, 3, ko) ]V o
(N — kp)!

for N > ko, 0 <y < yand 0 < u < r, where A(r, y, ko) = 2r Zf’:](j}h(k))l/". Hence,

< aglko!)® +bo(ko)* N exp{A(r, ¥, ko) /c}c"

[e's] oo N
L, y) =Y Zy(N,yu" =" h(HZN — j, yyu®
N=1

N=1 j=1
o0 o0

=> h( Y Z(N = j,yyu™
j=1 N—j=1

< > v n—ko

_ |
n=1 n=ko+1 (n kO)

+ by (ko) on exp{A(r, ¥, ko) /c}c”] < o0.

for 0 < y < yand 0 < u < r. This means that the differentiation w.r.t. the variable y can be
done in the infinite sum for u < r.

Hence
00 oo N
L, y) =Y Z,(N,yu" =B Y Y h(HZN — j, yu”
N=1 N=1 j=1
oo (o]
=[B|Y_h(ju! Y Z(N —j.y)u™""? =|BIF@)I(u,y).
j= N—j=I1
and therefore
I(u, y) = expl{y|BIF (u)}. (12)

By using the Cauchy integral formula for (11) and taking y = N/(Ly), we can obtain (8).
It follows from (6) that

1 [ h()]" ™" N[ n(j]" [2 (k]
Frlat ol Z_NAEXXN:(B)a(x’k) a(x, k)! Jl;{ a(x, j)! Zl;[ﬂ a(z, k)!
N, T 100) ETI0)
w7y Aeﬁgkw)ﬂ alx, j)! g/ﬂl a(z, k!
Z(N —k, X
= ﬁh(k) ( NM/)
Ay Z(N. )

This is (9). The equality (10) can be similarly obtained.

As we know that if N — oo, then at least one of |A,|,x € B goes to oo since
N = > ..plA:|l and B is a finite set. For fixed |B|, let p = Ay/|B|. Obviously, the
fragmentation and diffusion strengths, A and y, can form different hyperbola for different
values of p. Next, we give a definition of a gelation in the HCFP in order to study the critical
behavior of the process.
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A p

PP,

Figure 1. A critical curve.

Definition 1. We say that there is a gelation in the HCFP, if there is a critical curve p. such
that

- }
1

nggoﬁEN 3> kax k) [ =1
| xeB k=1 .

for p < p, and

- i
Nli_r)nOO%EN ZZka(x,k) <1

| xeB k=1

for p > pc.
By theorem 2 of [11], we know that if
hk) = (1+o0(1)cF ¥k, (13)

where ¢, 7 and B are three positive constants, then there is a gelation in the homogeneous
coagulation-fragmentation process when 2 < < 3. It can be checked that the numbers
h(k),k > 1, for many models, such as RA, (a > 3), RA~, A,RB; (min(a, b) > 2),
A.RBy (a > 2), etc. satisfy (12) (see [11, 21]).

So, we shall assume that 4 (k) satisfies (12) and 2 < B < 3 in the following. Thus, (7)
holds for |u| < 7 and

F'(7F) = lim F'(u) < +o0; F'(7F) = lim F’(u) = +o00.
u—i—0 u—i—0

By using (6), (8), (9), (12) and theorem 2 of [11], we know that a critical curve p, for the
occurrence of gelation in the HCFP can be determined by

pe = FF'(F).
We usually call p < p., 0 = p. and p > p. as the sub-critical, critical and super-critical
stages, respectively (see figure 1).
Let p < p. and Dy (u) = %F(u) — Nlogu for 0 < u < 7. Let r be a root of equation
D}, (u) = 0. Then r satisfies p = rF’(r) and r < 7 for all N. Note that F’(u) is a strictly
monotone increasing function on [0, 7], and therefore r is a saddle point of exp{Dy (u)}. By
the standard saddle-point-type argument (see [20], p 96) and (8), we can get

Zy=Z (N, %) = (1+o(1)) exp{Dn (1)}, (14)

1
V2T AN
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where
F’ 2F//
AGr) = rF'(r)y+r (r). as)
0
Note that
+00 b2
/ expf{ibx — azxz} dx = ﬂ exp {__2} ,
—00 a 4q

where a > 0 and i = +/—1. We can similarly obtain

N rk k2
VA (N —k, E) = +0(1))mexp {_4A(r)N } exp{Dy(r)}.

ZNkN ZNN—l H)rk —kz 16
( - E)/ ( ’E>_( ror eXp{_4A(r>N}' (10

It follows from (9), (10) and (15) that the expectation and variance of a(x, k) satisfy
N
B

Hence,

Enla(x,k)] = Varyla(x, k)] = (1 + o(l))mh(k)rk a7

for large N.

Let a*(x, j)(r) = [a(x,)) — Na;(r)1//Na;(r)), where a;(r) = h(j)r’/(p|B|),0 <
r < 7. In fact, Na;(r) and \/Na;(r) are the expectation and standard variance of a(x, j)
respectively.

Theorem 2. Suppose the three conditions (1), (5) and (12) hold.

(i) If p < p. and r satisfies p = rF'(r), then {a*(x, j)(r),x € B, j > 1} converges to a
mutually dependent Gaussian sequence {G j(x),x € B, j > 1} as N — oo with

E[G;(x)] =0, E[G;(x)Gi(»)] = 81(xy) — gj&
and
. JVRG)r
YT B+ D)
where §j;(xy) =0 for j #lorx # yand d;;(xy) =1for j =land x = y.
(ii) If p = pe, then{a*(x, j)(F), x € B, j > 1} converges to a mutually independent Gaussian
sequence {G j(x),x € B, j > 1} as N — oo with

E[G,;]1=0, E[G;j(x)Gi(y)] = 8;i(xy).
Proof. Let B = {x1,...,xu}, Tx = {(t1y(x),..., 5 (x),0,...) : x € B} and T(x) =
(t1(x),...,t,(x),...) for x € B, where t;(x),x € B, are all real numbers. Denote by

®n(T;) (kK < N) the characteristic function of random variables a(x, j), 1 < j < k,x € B.
Then

N
®y(Tn) = Ey 1_[ 1_[ eltj (xacx.j)

xeB j=1

Z ﬁ ﬁ eif/(xz)a(xl,j)MN(A)

AeXy(B) I=1 j=1

1 m N [Aﬁeit,'(m)h(j)]“(xhj)
7- 2 [+

7 , (18)
N Aexy(B) I=1 j=1

a(x;, j)!
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and therefore

m N it () fy (¢ V196 ))
Zumonmy = Y T[]

i
AeXy(B) =1 j=1 a(x, j)!
where i = /=T and y > 0. Let g(y, N) = Zy(y)®y(Ty) and G(y,u) = 1+ v,
gy, N)u", we have Dy (T _ ZOO

m N i N i . i
dg(y. N) w1 [ DR 00 [y eyt
Pl DI

dy Aexy(B) L i=1 k=1 (a(x;, k)! pin a(xg, j)!

N ; . )

[y el G p(j)1etD)
T
i#l j=1 S

- [iiemmh(k)[ye““xﬂh(k)]“w-llﬁ[[yeiwu»h(j)]aw
Aexy(8) Li=1 k=1 @y, k) =Dt 24 a(x;, )!

N . )

[y eltj(x,-)h(j)]a(x,-,])
T
i#l j=1 t S

:i D {iemu,)h(k)[ye“k“”h(k)]“@"-k)lﬁ[yei’ﬂmh(j)]“(x'vﬂ

_ ! i)
prri U (a(x;, k) — 1! il a(x;, j)!

N—k it (x; \1axi,j
% 1—[1—[ [y e h(j)]1* J)}

7))
il i1 a(xi, j)!

N m N—k . . .
. [yelt‘,v(x,)h(J)]a(xl,j)
— ellk(xl)h(k)
> ¥ {Teenn]]

Y
k=1 AeXy_ (B) L i=1 ax, !

) Hﬁc [y it G jylatiind) }

Y
i#l j=1 alxi, Y
N m m N—k it (s . i
g T
k=1 AeXy_(B) L i=1 i=1 j=1 alxi, j)!

N m

= Z Z "D (k) Zy 1 ()P n (Ty—i)

=1

»-
Il

=
-~

N
Y e h)g(y, N = k).

I
NE

=1 k=1
Thus,
0G(y. N) _ i 020y, N)
dy o0y

oo m N

DD e nutg(y. N — kyu
k=1

11=1

=
Il

[
NE

F(T (x), )G (y, u),

—
Il

1
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where F(T (x)), u) = Y52, %D h(k)u*. Hence G (y, u) = ¥ Xses FT@:0 and, by Cauchy’s
integral formula,

1 du
Iy (Ty) = 5~ /r exp {yerB F(T (x), M)} N
Taking y = N/(Ly), we have
1 N du
Oy (Ty) = — F(T(x), —_—. 19
V() = 5 /reXp{ky S FT () u)} — (19)
xeB 0
To prove (i), let N > k for fixed k and let #;(x) = O for all/ > k and x € B. Then
k
F(T(x),u) =Y [ — 1h(j)u + F(w), x € B. (20)
j=1

Taking u = r €', it follows from (17) and (18) that
SN (Ti) = Pn({(H1(x), ..., %(x),0,...) : x € B})

1 N N Lo
exp{ —F(u) + —— [e"™ — Nh(Hu']p u= ™D du
fr P p|Bl Z Z

2miZy xeB j=1

_ exp(Dy() [

E[F( 9y — F(r)] —iN6O
27y ﬁexp » re r 1

k
N A o
+— [e™ — 1h(j)reY? tdo.
oI 2 2

xeB j=1

Since

[F(re®) — F(r)]/p =i0 — JA()0° + 0(6%)
and

e —1=iu— %u2 +ou?),
taking ~/NO = s and tj(x) = tj’.(x)/\/m, we have
ﬁ[F(r e’y — F(r)] —iNg + N > Xk:[ei’fm — 1h(j)r! ev?
0

PIB| xeB j=1

1
= EA(r)s2 —C(r)s + M(r) +o(1)
for large N, where A(r) is defined in (14),

k
Cry=Y Y jva(rx)

xeB j=1
and

k k
M) =iVNY > " Ja; (it (x) — % DD GIEN

xeB j=1 xeB j=I
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Hence,

o (e vae ) <))
e, Y,

=oy({(x), ..., %(x),0,...):x € B})

7N
:e"p{l;;:\(;)ﬁ“;NM(”} e —%A(r)sz—C(r)s+o(l)}ds
exp{Dy (r) + M(r)} [™¥ A(r)( cm)z C2(r)
— exp | — s+ + +o(1) ¢ ds
2 INZy v 2 A(r)) " 2A()
exp{ Dy ()} C2(r) }
= (1 ) —————— M
+o) s vz P * 240y

1 k k
= (1 +o(l)) exp {M(r) 52 Zzgjgzt}(x)t/(y)} :

x,yeB j=1 I=1
where the last equality follows from (13). Thus,

k k
Ey {ﬂ [1 e"f“’””*“’-"“”} = exp {—W > W@’m}

xeB j=1 xeB j=1
1 (x) () ) . })
Xq)N({(—\/W ..... —W,O,... :x€B
k 1 k k
D2 3 Y Y gt ()

xeB j=1 x,yeB j=1 I=1

N =

= (1+o(1)) exp {—

1 ko k
= (1+o(1)) exp {—5 SO I8utey) — gjgz]t}(x)t[(y)}
=1

x,yeB j=I
for large N. This completes the proof of (i).
In order to prove (ii),leta =B — 1,b =1 —-F7F(¥)/p and
c
¢ = .
B-DB-=2)(B-3)
By (8) we can prove that (see the proof of theorem 2 of [11])

(¢ —2)m

F(7e9) — F(7) = iF F'(7)0 — ¢|0|* exp {—i sign(@)} +0(|0]%)

and

N
Zn exp{—F(u) —Nlogu}uldu
p

2mi r

_ M/ exp {E[F(Fei") — F(M)] - iN@} d6
27 - P

_ POy ()} /n exp {—ibN@ ~ PN exp {—i (=27 sign(G)} +0(N|9|°’)} d6
2 . P 2

_exp{Dy(P)} m@N /o)l
27 (AN /P ] (N py e
N@=D/a

h——
(/)

X exp {—i £+ 1% exp {—i (@ _22)” sign(t)} +0(|t|)} dr Q1)
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for p > p. and large N. Note that 1 > 1/a > 1/2, N'/? = o(N /%) and

k k
% DO 1MW —11h()HF YD = (1+0(1) JiIVN D /a7t (x)

xeB j=1 xeB j=I1
1 : I :
—EZZ@;@))%O Neo | YN jt )
x€B j=1 x€B j=1
k
=1 +o(M) {MF +o [Nz [ YD jtix) (22)
x€B j=1

for large N. It follows from (17)—(20) that

1 (x) 1.(x) ) B exp{Dn (F) + M (7)}
PN (KJ—Nal(f)’ O Na® ) e B}) = o @GN o)

T(@N/p)" N/« )
X / exp {—ib—lt + [t]%exp {—iu sign(t)} + 0(|t|)} dr
—x($N/p)lIe (p/p)Ve 2

= (I +o(1)) exp{M (F)}.

Thus,

k k
Ev | TTTTe 00 | —exp | -ivN Y3 Vay @t )

xeB j=1 e
XCDN({(\/W’”"WvO,...),xeB}>

1 k
= (I+o(exp ) =) ) (1)’

xeB j=1

for p > p. and large N. This is (ii).

By theorem 2 we see that, for any x, y € B and j # k, the numbers of the clusters a(x, j)
and a(y, k) are negative correlative in the sub-critical stage and independent in critical and
super-critical stages as N — oo.

Let a sequence of positive number €(N) satisfy e(N) — 0 and N'/2V) /log N — oo.
Note that NV = log N when €(N) = loglog N/log N. Let j; = d;N%, where 0 < d; <
diyp <logN ande(N) < o <oy < 1/Bfor 1 <i < k.

By using the same method of proving (ii) of theorem 2, we can further obtain theorem 3.
Here we omit the proof.

Theorem 3. Suppose the three conditions in theorem 1 hold. Let a*(x, j;) = [a(x, j;) —
N'=bq;1/\/N'=%Fa;, where a; = c(|B|,0)_'di_ﬂ,1 <i <k Ifp > pe then
{a*(x, j;) : x € B,1 < i < k} converges to a mutually independent Gaussian vector
{Gikx):x e B, 1 <i<k}as N — oowith E[G;(x)] =0and E[G;(x)G;(y)] = ;i (xy).

Theorem 4. Suppose the three conditions in theorem 1 hold. Let a(x, j;), where j; = byN'/?,
where 0 < by < by (1 <I<k—1). If p > p., then{a(x, j;) : x € B, 1 <[ < k} converges
to the mutually independent Poisson vector {P;(x) : x € B, 1 <[ < k} with the parameter
c(p)=E[P(x)] = c/(|B|,0bf)f0rx eBandl <l <kas N — oc.
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Proof. Since 1/o > 1/8, we have
NP = o(N'*), eU? — 1 =o(N'9)

for large N, where @ = B —1. Note that h(j))F/ = (I1+o(1))eN =" (b))~ #. It follows from (17)—
(19) that

k
Ex []‘[ ]_[ei“(x)a(*-m] = Oy({(11(x), ..., 1(x),0,...): x € B})

xeB =1

_ expDyv@®) [ {ﬁ[m ) = F(7)] - iN6
P

27TZN —
N k
+— [e1 ™ — 1A (i) e'? 1 do
By 2 2
Dy} (™ N 4
— (140 ZRPYDL [ TN (PG ey — Py — N
27TZN —1 P

k
£ ale™ —1] +o(N‘/“9>}de

xeB I=1

k
= (1+o(1))exp {chl(p)[eit/,(x) _ 1]}

xeB I=1

for large N. Thus, the theorem is proved. g

Remark 2. It follows from theorems 2—4 that {a(x, j;) : x € B, 1 < [ < k} converges to
a Gaussian sequence for j, = O(N'/%),8 > B, and a Poisson sequence for j; = O(N'/#)
in the critical and super-critical stages. The clusters with size j; = O(N'/%),§ > B, or
ji = O(N'%),1 < 8 < B, may be respectively called as small or large clusters.

Let Sy(x) = Y/_ a(x, j;) and Sy(x; by, by) = Y )%, a(x, 1), where j = ¢/N",0 <
c < ci41,kp =aN’ — blNﬂv_l,kz =aN"’ +b2NﬂU_l, 1/B <v < 1/(B—1) anda, by, by
are three positive constants. Then we have the following results.

Theorem 5. Suppose the three conditions in theorem 1 hold. If p > p., then

(i) The probability that Sy(x) = 0 for each x € B converges to 1, that is, uy(Sy(x) =
0) - las N — +o0o;

(ii) {Sy(x; b1, by) : x € B} converges to a mutually independent Poisson vector {P(x) :
x € B} with the parameter E[P(x)] = 1, = c[by + bi1(|Blpa®* D)= for each x € B as
N — +o0.

Proof. (i). Let @y ({t(x), x € B}) be the characteristic function of {Sy(x), x € B}. Note that
By > 1, h(j)i" = (1 +0(1))eNP"(¢;)~# and

i(7 1= i L 1/(B=1 1 = l/a
exp{i(j)O} — 1 = exp {1<N1/(ﬂ—l)N % 1=0(N"90)
for large N, where « = B — 1. It follows from (17)—(19) that

exp{Dy (M)} [

dy({t(x),x € B}) = 37 Zn

exp {%[F(? ¢y — F(7)] —iN®
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|B| Z[elt(x) h(j[) ellif) de.

xeB
k
= (1 +0(1)) ex Nf(ﬁ‘)*l) [eit(x) S
PN -
as N — +oo.
(i) Let ®n({t(x),x € B}) be the characteristic function of {Sy(x; b1, b2),x € B}.
As (i) we have

% exp{Dny (F i N )
Gyt x e ) = S [ exp {;[F(f &) — F(7)] — N6
N -
ko
|B| Z[ ir(x) _ ] Z h(k)?k el(ké) d@,
k=k,
a+sz‘(3 H-1 dM
= (1+o(1))exp Nl v(B— I)Z ir(x) du
'0| xeB a—by NVF-D-1 M'B
— exp Z L™ — 1]
xXeB
as N — +o0o. This completes the proof. 0

Theorem 5 shows that though the probability of occurrence of clusters with sizes
Ji = ¢N', 1 < I < k, is zero, the number of clusters with sizes in the large interval
[aN" — by NP"~!' aN" + b, NP"~!] is subject to the Poisson distribution as N — oc.
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